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The effect of a time dependent cosmological constant is considered in a family of scalar- 
tensor theories. Friedmann- Robertson- Walker cosmological models for vacuum and 
perfect fluid matter are found. They have a linear expansion factor, the so called coast- 
ing cosmology, the gravitational "constant" decreases inversely with time; that is these 
models satisfy the Dirac Hypotheses. The cosmological "constant" decreases inversely 
with the square of time, therefore we can have a very small value for it at present time. 

1. Introduction 

The renewed interest in the scalar- tensor theories of gravitation is caused by 
two main factors: First, most of the unified theories, including super-string theories 
contain a scalar field (dilaton, size of the extra compact space in Kaluza-Klein 
theories) which play a similar role to the scalar field of the scalar-tensor theories. 
Secondly, the new scenario of extended inflation which solves the fine tuning problem 
of the old, new and chaotic inflation has a scalar field that slows the expansion rate 
of the universe, from exponential to polynomial, allowing the completion of the 
phase transition from the de Sitter phase to a radiation dominated universe, the 
graceful exit problem. 

In this work we want to consider a family of scalar- tensor theories with a 
potential that is equivalent to a time dependent cosmological constant. Recently 
several authors 1-12 have considered the cosmological consequences of a time varying 
cosmological constant. Most of them introduce the time dependence in an ad hoc 
manner. In this work we consider an equivalent problem in a the well known general 
scalar-tensor theory of gravity where the time dependence can occur in a natural 
way, without any new assumption or modification of the theory. 

2. Field Equations 
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We start our discussion with the action for the most general scalar-tensor theory 
of gravitation 13 

S= vhc j d^^m-^ug^d^d^ + WXm+SNG, (1) 

where g = det ( g^) G is Newton's constant, Sng is the action for the nongrav- 
itational matter. We shall use the signature (— , +, +, +). The arbitrary functions 
lo(4>) and \(<f>) distinguish the different scalar-tensor theories of gravitation; A(0) 
is a potential function and plays the role of a cosmological constant, uj{4>) is the 
coupling function of the particular theory. General relativity is the limit of this 
theory when |w| — > oo and X((p) — > 0; and as it is well known, the solar system 
experiments imply that \u>\ > 500. 
The explicit field equations are 



SttT 1 
= — j^ + X(4>) g^ v + u)(j)~ 2 {(j)^(j)^- -g^(f>,x<l>' x ) + (f>^ 1 ((p [ uiy-g^n(f>), (2) 

where G M „ is the Einstein tensor. The last equation can be substituted by 
20 2 riA/#-2W) 1 f T ^ , 

where T = is the trace of the stress-energy matter tensor. The divergenceless 
condition of the stress-energy matter tensor is satisfied if the field equation (3) is 
satisfied (as is shown in appendix), therefore we shall consider equations (2) and 
(2c) as our field equations. 

In what follows we shall assume that uj{4>) — ojo = constant, X((f>) — ccf) m 7 
4> = 4>\t q , with c, m and q constants (for recent results when w is variable see 14 ). 
The field equations for this choice of uj and A and with a perfect fluid for the matter 
content in the isotropic and homogeneous line element will be considered, 



ds 2 =dt 2 -a 2 {t) 
The field equations are 



dr 2 

-^+r 2 (d6 2 + S in 2 Ode/, 2 ) 



(4) 



3(a/a) 2 + 3fc/a 2 - c(f> m = ^ + (w/2)(0/</>) 2 - 3(&/a)(0/0), (5) 



2(S/o) - (a/a) 2 - k/a 2 + c0 m = ^ + (^/2)(^) 2 + 4>/<f> + 2(a/a) (<£/<£) (6) 
+ 3(a/a)(<j>/<f>)]B = 2c(l - m)0 m + 8 ^ P ~ 3p) , (7) 
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where B= 3 + 2co. In the next sections we show some exact solutions for these 
equations when the fluid is a barotropic one, p = ep, including the vacuum case. 

3. The vacuum solutions 

In the case where we neglect all the nongravitational matter we have obtained 
the following solutions. 



3.1. fc^O 



km 2 

a = a\t, ai = ±\ - — (8) 

V 2 + 2m + 2uj - m 2 w 

♦ -*r*, c-22±^, (9) 

_b±M (10 , 

where 4>i and m are arbitrary constants . In order to have real a\, the values of u 
are restricted in the following way, 



TO 2 

lo > — m — 1, for k = 1, 

7T1 2 

lu < —-m-l,fork = -l. (11) 

The value of <p\ can be related to present day observations if we recall that 
relation of <p at the present time 

and the definition of the Hubble constant, 

(here to is the age of the universe) , we obtain the value of the constant <pi , 

1 4 + 2uj 



(14) 

tfo /m G 3 + 2^ 1 ' 



3.2. fc = solutions 



a = ait, 



(15) 
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m 



^ = ^ 1 fi±V^+2^ ) (16) 

= l±V3T2^, C =fc^, (17) 



m 



A=^,A 1 = 3 + 2 " (18) 

t 2 ' w + 2 ± V3 + 2lo y ' 

here a\ and 0i are arbitrary constants. The value of <p\ for this case is determined 
in terms of present day values of G and the Hubble parameter, as above, to be 

, 1 4 + 2c 

91 ff 2/(i±V3+2^) Go 3 + 2lu' [ ' 

4. Barotropic equation of state 

Assuming the equation of state p = ep we have from the conservation equation 
p = s/a 3 ( e+1 ); substituting into the field equations we obtain the following solution 



a = a x t, 4> = </>it- (1+3e) , 
s 

Ai x a 2 [w(l + 5e + 3e 2 -9e 3 ) + 2(3e + l)] + 2fc(l + 3e) , on , 

A = ^' Al = WTeR ' (20) 

where 



c = 



a 2 [w(l + be + 3e 2 - 9e 3 ) + 2(3e + 1)] + 2fc(l + 3e) 



2(l + e)a 2 ^ +1) 

1+3^, 

±-{2fc - a 2 [w(9e 2 + 6e + 1) + 9e 2 + 12e + 1]}, 



8tt(1 + 



m = TT3^ (21) 



and 



1 4 + 2w 

51 = 



(22) 



^ 1+3e) Go 3 + 2w ' 

The above solution is not valid for e = — 1 , that is for the equation of state that 
corresponds to the quantum vacuum. In the next section we consider this particular 
case. 



5. Vacuum fluid 
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Here we want to consider the case when p — —p, that is the well known equa- 
tion of state for the quantum vacuum. This case means that in addition to the 
contribution of the gravitational theory to the cosmological constant we have some 
other contribution(s) from the vacuum spectation value of some quantum fields. 
Therefore the effective cosmological constant is A e g- = 8irp/<fi + c<j> m . 

For e = — 1 we have obtained the following solution, 

a = ait, 4>~(j)it 2 , p = p = const., A = ^ (23) 

with 



ai = \l^-r, c=M*+**)-*xpo, Al=2 ^(^ + 3)]-4^ m= _ 1 (24) 
V 2u> — 1 01 

The effective cosmological constant is 

8irp ±m 2(3 + 2lo) _ n 
A eff = -j- + c<t) m = -^—^ '- (25) 

We can see now that in this model regardless of how large is the contribution to 
the cosmological constant of the vacuum energy of quantum fields the gravitational 
contribution reduce the value of the effective cosmological constant to the present 
value of ~ AujHq. 

In this case <j>\ can also be related to the present value of the gravitational 
constant, 

ff 2 4 + 2^ 

4)1 = G^3T^' (26) 



6. Final remarks 

In this work we have presented a family of solutions to the general scalar-tensor 
theory of gravity with a potential which plays the role of a time dependent cosmo- 
logical constant. 

The time dependence of the cosmological constant in each obtained solutions 
has the form A ~ t~ 2 . This dependence occurs in a natural way when we use a 
field potential <f> ~ t q and we limited to ourself to a w t that guarantees a coasting 
period in which the solutions are true. This type of solutions in general relativity 
were studied some time ago 15 ' 16 , where the time dependence of A is chosen ad hoc. 
The resulting age of the universe, to = V-ffo is n °t in conflict with the observational 
determination 17,18 ' 19 . Some other astrophysical consequences of the models, like 
nucleosynthesis, 20 remain to be explored. 

7. Appendix 

In this appendix we show that the divergenceless condition is satisfied if the field 
equation (3) is satisfied. 
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We start our demonstration with the expression of the stress-energy matter 
tensor, which can be written from Eq. (2) as 

SttI? = «-^^)-^(^^-^^, A ^ A )-(^^-^n0)-A(^)5^, (27) 
taking the divergence of this last equation and rearranging terms, we get 



= -e 



1 



8ZR- 



+ 



duj{<p) 1 



20 2 



A , 1 

d(f> 2^ 



(28) 



simplifying this last equation: 



2^+2 tf> 



»;v<P,\<P' - 



.A <M0) 1 



d0 2(/> 



A< 



(29) 



Taking into account the identities (fi^R^ = D((p;v) — {\3(t>);v, m the previous 
equation, we have 



± 1 lX d , ( uj{4>) \ 1 



i? + 2 — (<M(</>)) 



(30) 



This is the field equation (3) times the factor — therefore if this field 

equation is satisfied, then the divergenceless condition is satisfied too and it is 
enough to use equations (2) and (2c) as the field equations of our system from 
which we obtain Equations (5), (6) and (7). 
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